Abstract-We introduce a strategic decision problem in a oneway electric car sharing system. We propose a mixed integer linear programming formulation for solving this problem. We conduct an extensive computational study to test the performance of our formulation and its relaxations by using real data instances. The results turn out to be encouraging for diving into more challenging extensions of the problem under consideration.
I. INTRODUCTION
The car sharing systems are based on shared use of cars owned by a company or an organization. These systems usually attract attention in urban areas with traffic congestion and high parking costs. Considering the increasing pollution in the cities, usage of electric cars in car sharing systems has a potential to increase the attractiveness of these systems [1] .
In this paper, we focus on a station-based one-way electric car sharing system where we have a company that owns a fleet of identical cars available to its users who wish to travel within a region. The system is station-based as the customers have to visit some stations to pick up and drop off the cars. Most station-based systems allow only round trips where customers have to bring the cars back to the stations they have been taken from. However, this might be inconvenient for many users such as the ones who wish to travel to an airport and leave the city. One-way systems are more flexible in that sense as they allow customers to leave the cars at stations different than the ones that they are taken from.
Due to the battery restriction of the cars, location of recharging stations and management of recharging times become crucial in planning of car sharing systems. Therefore, in this study, we aim to decide on the optimal locations of recharging stations in the most profitable way for the company based on an a priori known or forecasted demand. The demand is defined as a set of customer requests and each request is associated with an origin node, a destination node, and a starting time.
A customer request can be served only under certain conditions such as accessibility to located stations, availability of a car at the departure station, and availability of an empty spot at the arrival station as the stations have only a limited number of parking spaces. We measure accessibility by walking distance, that is, a customer request is accessible if both its origin and destination nodes are within the imposed walking distance limit from some operational stations.
For simplicity reasons, we assume that a car should be fully charged to be available for the next customer. Therefore, every car left to the arrival station of a request served should be plugged into a charger and charged to full battery level. The number of charging units in a station is equal to the number of parking spots and represented as the capacity of that station.
The problem we study requires to decide on the number and location of stations and the number of cars available at each station in a way to maximize the profit which takes into account the revenue obtained from customers that can be served, the fixed location cost of stations, and the cost of purchasing or leasing cars. We formulate this problem as a mixed integer linear programming formulation (MILP) and with this MILP, we also decide on the customers that can be served, the stations they need to visit (routes), and the time of each visit simultaneously.
In the following section, we briefly review the related works in the literature. In Section III, after defining our problem explicitly, we provide the details of our MILP formulation and a pre-processing procedure that we need for our model. Finally, in Section IV, we present the results of the computational experiments that we conducted on our formulation and two relaxations of it by using real data instances.
II. RELATED WORKS
The majority of the existing studies on the car sharing systems focus on tactical and operational level decision problems. Among these studies, the most commonly studied problem is the relocation of cars to avoid imbalance of cars in stations. On the other hand, the literature is quite sparse in terms of the studies that focus on location of stations in car sharing systems.
The first mixed integer programming formulations for optimal location of stations in one-way car sharing system were proposed by [2] . The objective of the problem considered in this study was to maximize the profit of the company by taking into account all cost and revenue factors. The authors analyzed the model under three service strategies: (i) The operator can freely choose among the customer requests to serve (ii) all requests must be served (iii) a request can be rejected only if there is no car available at the starting station. The evaluation of the three models on a real data from the municipality of Lisbon, Portugal revealed that satisfying all customer requests might decrease the profit of the company significantly. These models were based on the assumption that the customers can use only the closest stations to their origin and destinations and this assumption was considered to be very restrictive by [3] . Therefore, [3] extended these formulations to a more flexible setting where more vehicle pick-up and dropoff station options were included. The case study on the same data showed that introduction of this kind of user flexibility and vehicle stock information increased the profit of company.
Other than the aforementioned optimization models, [4] provided a discrete event simulation based model that evaluates the effects of strategy changes in car sharing systems such as creating new stations, increasing station capacities, merging or demerging stations. The authors evaluated their model through several strategies on a data from a car sharing organization in Montreal, Canada.
The only study that considered location of recharging stations in an electric car sharing system was due to [5] . The authors developed a multi-objective mixed integer linear programming model that combines strategic (location of stations) and tactical (relocation of vehicles) decisions in a one-way electric car sharing system. As the model was intractable for solving realistic size problems due to the large number of relocation variables, an aggregated demand structure was used. The first objective function of the model proposed aimed to maximize the net profit of the operator whereas the second objective maximized the users' net benefit. In [5] , the charging periods were assumed to be given explicitly as input parameters. The authors evaluated the performance of their approach on a real data from Nice, France.
Another group of relevant studies were on the location of charging stations for private electric vehicles. For the exact solution methodologies in this area, we refer the readers to the papers by [6] , [7] , [8] , [9] , [10] , and [11] . The heuristic approaches for location of public charging units were due to [12] , [13] , and [14] .
III. PROPOSED FORMULATION
Given a city network G = (V, A) with arc set A, node set V , and set of potential stations J ⊂ V , we are required to select a subset J of J, locate an initial number of cars at the selected stations, and choose (serve) a subset K of given set of customer requests K. When choosing the requests, we need to make sure that each of them is served by a car available at the time of departure at a station (departure station) accessible from the origin of the request and the trip of this car ends up at another selected station (arrival station) which is accessible from the destination of the request and has a parking slot available at the time of arrival. We also make sure that the battery consumption on the way between the two stations does not exceed the battery limit β and the total time spent between the origin and the destination, including walking time, is not greater than a given threshold γ k for request k ∈ K.
We calculate the travelling time and energy consumption for each request based on the shortest path between departure and arrival stations assigned to it. However, one can also assume that these values are given for each request as input parameters and our model still holds. Once a car completes its service and is parked to a station, its recharging starts immediately and it becomes available for another customer at the beginning of the first period after it is fully charged. Further, we need to ensure that the total number of cars waiting at a station (available or being charged) should not be greater than the capacity of the station at any point of time. The objective of the problem is to maximize the total profit that is equivalent to the total revenue obtained from the requests served minus the total cost of stations selected and cars owned.
We formulate our problem as a mixed integer linear programming formulation. Before introducing our formulation, below we provide the parameter definitions used in our formulation all together:
• V = {1, . . . , n} is the set of nodes.
• J = {1, . . . , m} is the set of potential stations where J ⊂ V .
• f j is the fixed cost of locating a station on vertex j ∈ J.
• C j is the capacity of station j ∈ J.
• g is the cost of having a car.
• T = {0, . . . , τ } is the set of time slots (identical length).
• K is the set of requests with origin O k ∈ V , destination D k ∈ V , starting time T k ∈ T , and revenue p k for k ∈ K. • δ ij is the battery usage on the way from station i ∈ J to station j ∈ J.
• β is the restriction on the battery usage for each car.
• d ij is the travel time from station i ∈ J to station j ∈ J.
• d w ij is the walking distance from node i ∈ V to node j ∈ V .
• β w is the maximum walking distance between the origin (destination) points of customers and the departure (arrival) stations they are assigned to.
• γ k is the maximum length that a route assigned to customer k can have.
We refer to our MILP model as a path based formulation since a set of decision variables in the model are associated with the set of feasible paths for each request. We apply a preprocessing procedure to construct this set H k of all feasible paths (trips) for each request k ∈ K. Let H = k∈K H k , a trip h ∈ H is feasible if it satisfies the accessibility and battery restrictions. For each h ∈ H, we know the stations visited on the trip (P h ), the time of visit to each station, the amount of battery consumption, the amount of time required to recharge the car at the arrival station, thus, the time zone that the car will be ready for another customer. Our formulation can be easily extended to solve more challenging variants of our problem by slightly modifying this pre-processing procedure. One of these extensions is the case that customers are allowed to visit intermediate stations in case the length of the trip is too long to traverse without recharging the battery or changing the car. In Algorithm 1, we provide a pseudo-code of this generalized case but we do not consider the exchange of cars in this study as it is unlikely to have these type of requests inside cities, which is our current focus. Another extension is to consider time dependent travelling times and energy consumptions in the problem.
Based on the information obtained from the pre-processing, we further define the following parameters:
4:
P1 ← ∅;
10:
Insert i to P1 as the departure station;
11:
Insert j to P1 as the arrival station;
12:
P ← P ∪ P1;
13:
H k ← H k ∪ {1};
14:
for h = 1 to |H k | do
15:
for u = 1 to m : u / ∈ P h do 16:
l is follower of i in P h+u ;
18:
if δiu < β and δ ul < β
19:
if inserting u after i respects γ k 20:
Insert u after i in P h+u ;
21:
P ← P ∪ P h+u ; 22:
23:
Now, we define the following decision variables to use in our formulation:
• L t j is the number of available cars at station j ∈ J at the beginning of time t ∈ T .
• L 0 j is the number of available cars at station j ∈ J at time 0.
• y j = 1 if a station is located at vertex j ∈ J, 0 otherwise. Then, we can write our path based formulation (PF) as follows:
The objective function (1) maximizes the profit. The first term in this function gives the expected revenue obtained by serving the customers, the second term is the total fixed cost of opened stations, and the third term is total cost of car ownership. By Constraints (2), a customer is served with at most one trip and by Constraints (3) every station on a selected trip is forced to be opened. Constraints (4) restrict the number of cars leaving a station with the number of available cars at that station for each time slot. Constraints (5) ensure that the capacity of each station is respected, so that parking a car is not allowed if there is no free space at the station. Constraints (6) balance the number of cars at each station at each time slot and Constraints (7) restrict this number with the capacity of that station. Finally, Constraints (8)- (10) represent the integrality and binary restrictions.
IV. COMPUTATIONAL RESULTS We tested our model PF, its linear programming relaxation LP, and a partial relaxation RPF (PF where binary restrictions on u h is replaced with 0 ≤ u h ≤ 1, ∀h ∈ H) on instances obtained from Manhattan taxi trips data. This data file is based on a city network in Manhattan (New York, USA) with 10556 nodes, 85 potential station locations with non-identical capacities, 25592 edges, and 27549 requests. It contains the distance and time dependent maximum travelling speed for each edge; cost values for stations, installation of slow or fast charging units, and purchase of three types of electric cars; charging speed of slow and fast charging units; and profit of individual requests. Therefore, we are able to obtain all the parametric values we need in our calculations, including travelling time and energy consumption on each edge and recharging time after each trip, from this data file.
We chose a single car type, fast charging as the charging type, and 5 mins as the length of each period. We computed the shortest paths for walking and traveling times by using Dijkstra's algorithm.
We conducted our experiments by using IBM ILOG CPLEX 12.7 on an Intel Core i7-4510U processor with CPU at 2.00 GHz and 8 GB RAM. For the Dijkstra's algorithm, we used the implementation of the JGrapghT 1.0.1 package.
In order to balance the cost and profit values and avoid trivial solutions with 'do nothing' decision, we divided the station costs and car cost with a cost factor. This value can also be considered as a factor to represent the expected frequency of similar requests in the long run. In our experiments, we used three different cost factor values, namely, 10 4 , 10 5 , 10 6 . In Table I , we summarize the pre-processing results for each problem instance solved. In this table, column |K| gives the number of requests taken from the data and column |K a | gives the number of requests accessible from stations within the walking time limit (in minutes) indicated under the column of β w . The values under |H| show the number of paths generated during the pre-processing and 'PP Time' shows the time consumed for the pre-processing (in seconds).
In Tables II, III , and IV, we detail the structural results deducted from the solutions for cost factor values 10 4 , 10 5 , and 10 6 , respectively. Let 'LP Opt', 'RPF Opt', and 'PF Opt' provide the optimal solution values obtained from LP, RPF, and PF, respectively. Then, the 'LP gap' and 'RPF gap' values in Tables II, III , and IV are calculated with the formulations (100 * (LP Opt−PF Opt)/PF Opt) and (100 * (RPF Opt−PF Opt)/PF Opt), respectively. In these tables, the columns under |J| provide the number of stations opened and |H| represents the number of trips, thus, requests served in the corresponding optimal solution of PF.
We observe from Tables II, III , and IV that the optimal values of RPF and PF agree in each instance. Here we note that the RPF solutions, that is, a subset of u h , h ∈ H variables are fractional in some of the instances. As expected, the number of trips served and the profit obtained increase as β w is increased. This increases also the size of the problem and the time consumed during the pre-processing and total time for solving the problem.
In most of the instances, we observe a very small LP gap. Among the 63 instances, only four of them have an LP gap greater than 10% and the average LP gap is around 2.5%.
When we look at the impact of the change in the cost factor value, we see that the model has a tendency to open more stations and serve more customers when the cost factor is higher (i.e. when the long term profit of each request is higher). The increase is more significant and the impact is more visible when the change is from 10 4 to 10 5 compared to the case where it is from 10 5 to 10 6 . In Table II , PF decides not to open any stations for three of the instances as it is not profitable. Among these three instances, the LP solution is non-trivial only for the one with |K| = 1000, β w = 6 and LP Opt= 135.00 for this problem. We see in this table that the model is conservative in the sense that it does not open a large number of stations if |K a | is small, more specifically, the ratio of opened stations is less than 50% when |K a | ≤ 314 in this table.
In Tables III and IV , we obtain optimal solutions with positive profit, which serve more than 50% of the accessible requests, for each problem. The LP gap is less than 2.4% for each instance in Table III and it is less than 0.15% in Table  IV .
When we look at the solving times in Tables V, VI , and VII, we see that we are able to solve each problem in less than half an hour except one with a total solving time of 1808.38 seconds. Moreover, we observe that the time required to solve the LP is usually less than the one for PF whereas the solving time of RPF is larger than that of PF. This is, in fact, also reflected to the average solving times in Tables V and VII, but  not in Table VI due to the single instance (|K| = 5000, β w = 15) where the PF time is significantly larger than the RPF time.
V. CONCLUSION
Introduction of electric cars to car sharing systems brings new challenges in strategic and operational level planning of these systems. In this paper, we introduce a strategic level problem that focuses on optimal location of charging stations in a one-way electric car sharing system. We proposed a path based mathematical formulation that can be easily adapted to solve the problem under several different settings. The computational experiments that we conducted on real data instances revealed that our model can solve quite large problems in reasonable amount of time. This is encouraging for investigating more complex generalizations and extensions of the problem. One of the extensions that would be relevant is to consider demand uncertainty. This could be achieved by introducing multiple demand scenarios generated based on the existing demand pattern. This problem is currently in our research agenda. 
